Abstract. We study area-stationary, or maximal, surfaces in the space L(H 3 ) of oriented geodesics of hyperbolic 3-space, endowed with the canonical neutral Kähler structure. We prove that every holomorphic curve in L(H 3 ) is a maximal surface. We then classify Lagrangian maximal surfaces Σ in L(H 3 ) and prove that the family of parallel surfaces in H 3 orthogonal to the geodesics γ ∈ Σ form a family of equidistant tubes around a geodesic.
The last two decades has seen increasing interest in spaces L(M) of oriented geodesics of a manifold M, with particular attention to their rich geometric structure. In the case of the space L(E 3 ) of oriented affine lines in Euclidean 3-space this interest can be traced back over a hundred years to Weierstrass's construction of minimal surfaces [16] and Whittaker's solutions to the wave equation [17] .
A natural complex structure on L(E 3 ) was considered by Hitchin to construct monopoles in E 3 [11] , and then Guilfoyle and Klingenberg understood that the canonical symplectic structure on L(E 3 ) is compatible with this complex structure [7] [8] and that the associated Kähler metric is of neutral signature. Salvai subsequently proved that this neutral Kähler metric is (up to addition of the round metric) the unique metric on L(E 3 ) that is invariant under Euclidean motions [12] . This Kähler structure has recently been used by Guilfoyle and Klingenberg to solve an 80 year old conjecture of Carathéodory [10] .
More recently, Anciaux, Guilfoyle and Romon have studied maximal Lagrangian surfaces in T N , with N being an oriented Riemannian surface and the neutral Kähler structure generalising that of the space of oriented geodesics in Euclidean and Lorentzian 3-space.
In addition, Salvai constructed a neutral Kähler metric on the space L(H 3 ) of oriented geodesics in hyperbolic 3-space [13] , while the geometry of L(H 3 ) was explored by Georgiou, Guilfoyle and Klingenberg [4] [5] [6] .
Recently Alekseevsky, Guilfoyle and Klingenberg have given a description of all metrics defined on the space L(M) of oriented geodesics of space forms or rank 1 riemannian symmetric spaces, that are invariant under the isometry group of M [1] .
The current paper can be considered as a continuation of the work of Georgiou and Guilfoyle (see [6] ) on surface theory of L(H 3 ). Here we study immersed maximal surfaces, that is, immersed surfaces that are stationary for the area functional. These surfaces have locally maximum area with respect to area variations, because of the neutral signature (++−−) of the metric defined on the ambient space L(H 3 ).
Since L(H 3 ) = S 2 × S 2 − {diag}, we can consider surfaces in L(H 3 ) of rank 0, 1 or 2, depending on the rank of the projection onto the first factor.
In the first two sections we illustrate the geometric background on the construction of L(H 3 ) and its submanifold theory, including geodesics and surfaces (further details can be found in [4] [5] [6] ).
In section 3 we investigate rank 1 surfaces in L(H 3 ) and prove that there are no holomorphic curves of rank 1. Moreover, in the case of a surface being Lagrangian of rank 1, we prove that it can not be maximal.
Surfaces of rank 2 are studied in section 4 and, in particular, we prove that every holomorphic curve of rank 2 is maximal and, since the only holomorphic curve of rank 0 are orthogonal to a horosphere, we conclude that every holomorphic curve is maximal.
We also classify all Lagrangian maximal surfaces. We summarize this result as:
Main Theorem: Let S ⊂ H 3 be a C 3 smooth immersed oriented surface and Σ ⊂ L(H 3 ) be the Lagrangian surface formed by the oriented geodesics normal to S.
The surface Σ is maximal iff S is an equidistant tube around a geodesic in H 3 . In terms of holomorphic coordinates (µ 1 , µ 2 ) on L(H 3 ), the surface Σ is given bȳ
We briefly recall the basic construction of the canonical neutral Kähler metric on the space L(H 3 ) of oriented geodesics of H 3 -further details can be found in [4] . We use one of two models of H 3 , the Poincaré ball model:
and hyperbolic metric
where | · | is the Euclidean norm, while for the upper-half space model:
with standard coordinates (x 0 , x 1 , x 2 ) on R 3 , the hyperbolic metric has expression:
These are related by the mapping R 3 + → B 3 : (x 0 , x 1 , x 2 ) → (y 1 , y 2 , y 3 ) defined by
An oriented geodesic in H 3 is uniquely determined by its beginning and end point on the boundary of the ball model, and so L(H 3 ) can be identified with S 2 ×S 2 −∆, where ∆ is the diagonal in S 2 × S 2 . Endowing S 2 × S 2 − ∆ with the standard differentiable structure, a tangent vector to an oriented geodesic γ ∈ L(H 3 ) can then be identified with an orthogonal Jacobi field along γ ⊂ H 3 . Rotation of Jacobi fields through 90 0 about γ defines an almost complex structure on L(H 3 ). This almost complex structure is integrable, and so L(H 3 ) becomes a complex surface, which turns out to be biholomorphic to P 1 × P 1 − ∆. Here ∆ is the "reflected" diagonal: in terms of holomorphic coordinates (µ 1 , µ 2 ) on
The complex structure J on L(H 3 ) can be supplemented with a compatible symplectic structure Ω, which has the following expression in holomorphic coordinates:
Together we obtain a Kähler metric G(· , ·) = Ω(J· , ·) :
This metric, which has signature + + −−, is invariant under the action induced on L(H 3 ) by the isometry group of H 3 . Indeed, this has been shown to be the unique Kähler metric on L(H 3 ) with this property [13] . In order to transfer geometric data between L(H 3 ) and H 3 we use a correspondence space:
The key property of this correspondence is that, given γ ∈ L(H 3 ), the set Φ • π
and a real number r to the point on γ an affine parameter distance r from some fixed point on the geodesic. This choice of point on each geodesic can be made globally, but we more often just use a local choice, which is sufficient for our purposes.
In terms of holomorphic coordinates (µ 1 , µ 2 ) on L(H 3 ) and upper-half space coordinates (x 0 , x 1 , x 2 ) the map Φ has expression:
where z = x 1 + ix 2 and t = x 0 .
Surfaces in L(H
Our interest in this paper is focused on the study of two parameter families of oriented geodesics, or surfaces in L(H 3 ). Therefore, we recall some basic results on the surface theory of the space of oriented geodesics in hyperbolic 3-space -further details can be found in [6] .
For computational purposes, we give explicit local parameterizations of the geodesic congruence. The dual picture of a surface in L(H 3 ) is to consider the surfaces in H 3 that are orthogonal to a given set of geodesics. However, not every geodesic congruence has such orthogonal surfaces -indeed, most don't. To explain this further, we consider the first order properties of Σ, which can be described by two complex functions, the optical scalars: ρ, σ : Σ × R → C. The real part Θ and imaginary part λ of ρ are the divergence and twist of the geodesic congruence, while σ is the shear.
Definition 1. A null frame in H
3 is a trio {e 0 , e + , e − } of complex vector fields in C⊗TH 3 where e 0 is real, e + is the complex conjugate of e − and they satisfy the following properties: < e 0 , e 0 >= 1, < e 0 , e + >=< e + , e + >= 0, < e + , e − >= 1, where < , > is the hyperbolic metric.
Given an orthonormal frame {e 0 , e 1 , e 2 } on TH 3 we construct a null frame by
Definition 2. Given a surface Σ ⊂ L(H 3 ) an adapted null frame is a null frame {e 0 , e + , e − } such that, for each γ ∈ Σ, we have e 0 =γ, and the orientation of {e 0 , Re(e + ), Im(e + )} is the standard orientation on H 3 . For a given surface Σ in L(H 3 ) and a null frame, the optical scalars can be defined by:
ρ =< ∇ e0 e + , e − > σ =< ∇ e0 e + , e + >, where <, > is the hyperbolic metric with hyperbolic connection ∇.
In terms of the holomorphic coordinates (µ 1 , µ 2 ), the optical scalars have the following local expressions:
where
, is said to be Lagrangian if the symplectic form Ω pulled back to Σ vanishes.
In order to avoid any confusion, whether we use the expression of geodesic congruence we mean a surface in L(H 3 ). We now give the following important Proposition:
The following statements are equivalent:
(i) the geodesic congruence Σ is Lagrangian, (ii) locally there exists a surface S in H 3 such that the geodesics of Σ are normal to S, (iii) the imaginary part λ of ρ (the twist) is zero.
). The surfaces S in H 3 orthogonal to the geodesics of Σ are given by equations (1.4), where the functions r = r(ν,ν) solve:
where ∂ denotes the derivative with respect of ν.
The set of Lagrangian geodesic congruences is divided into three categories, depending on the rank of the immersion of the geodesic congruence.
The rank of the immersion f at a point γ ∈ Σ is defined to be the rank of this map at γ, which can be 0, 1 or 2.
Note that by reversing the orientation of the geodesics, the rank can be defined by projection onto the second factor. A rank 0 Lagrangian geodesic congruence correspond to a geodesic congruence orthogonal to a horosphere.
In the Lagrangian case, the functions σ and ρ have the following interpretation in terms of the second fundamental form of the orthogonal surfaces in H 3 .
Proposition 2.
[6] Let S ⊂ H 3 be a C 2 immersed surface and Σ ⊂ L(H 3 ) be the oriented normal geodesic congruence. Then
where λ 1 and λ 2 are the principal curvatures of S.
The induced metric G Σ on a Lagrangian surface Σ in L(H 3 ) can be described by the functions σ and λ:
, where λ and σ are the twist and the shear of Σ.
The theorem says that if a surface is Lagrangian then is either Lorentz or degenerate, the latter occurring at umbilic points on the orthogonal surfaces in H 3 . The following theorem recovers the Weierstrass representation for the flat surfaces in H 3 :
Theorem 2.
[6] Let S be an oriented C 2 smooth immersed surface in H 3 with normal geodesic congruence Σ. Assume that the metric G Σ induced on Σ by the neutral Kähler metric is non-degenerate.
Then S is flat iff Σ is of rank two and is parameterized by µ 2 = µ 2 (μ 1 ), that is, µ 2 is an anti-holomorphic function of µ 1 .
We use the complex structure J of L(H 3 ) in order to describe another important class of surfaces:
is said to be a holomorphic curve if all of the points of Σ are complex points.
In particular:
Proposition 3.
[6] A point γ on a surface Σ is complex iff the shear vanishes along γ.
By Proposition 2, observe that complex points on a Lagrangian surface Σ ⊂ L(H 3 ) correspond to umbilic points on the surfaces in H 3 orthogonal to Σ.
Non-existence of rank one maximal surfaces
Consider a surface Σ ⊂ L(H 3 ) of rank one. Then Σ can be locally parameterized by µ 1 = µ 1 (s) and
We prove first that Σ cannot be a holomorphic curve:
Proof. Assume the existence of an immersed rank one surface on L(H 3 ) such that in an open neighborhood U ⊂ Σ is holomorphic, which, by Proposition 3, is equivalent to the vanishing of the shear σ in this open set. Considering now the local parametrisation Σ → L(H 3 ) : (s, t) → (µ 1 (s), µ 2 (s, t)), the vanishing of the shear implies the vanishing of J21, which means ∂ sμ1 ∂ tμ2 = 0 on U .
Then, in an open subset V of U , either ∂ sμ1 = 0 or ∂ tμ2 = 0. In any case, we have a contradiction since, if ∂ sμ1 = 0 then µ 1 is constant and therefore Σ is of rank 0 on V , and if ∂ tμ2 = 0 then µ 2 only depends on s and Σ would not be immersed.
We now assume that the rank 1 surface Σ is Lagrangian. In this case the induced metric g = f * G has components in local coordinates (s, t):
and the nonzero Christoffel symbols are given by:
It is already known that the induced metric g of a rank one Lagrangian surface Σ is scalar flat [6] . The second fundamental form h = h µ k ij has non-vanishing components:
with hμ
Unlike with the space L(E 3 ) of oriented lines in Euclidean 3-space [9] , the following Proposition shows that there are no maximal Lagrangian surface in L(H 3 ) of rank one:
Proposition 5. There are no maximal Lagrangian surfaces in L(H 3 ) of rank one.
Proof. Let Σ be a Lagrangian surface in L(H 3 ) of rank one, locally parameterized by µ 1 = µ 1 (s) and µ 2 = µ 2 (s, t).
Firstly, we find the mean curvature vector H = 2Re(H µ1 ∂/∂µ 1 + H µ2 ∂/∂µ 2 ) in local coordinates (s, t). The components H µi are given by
Then H µ1 = 0 and it remains to find H µ2 . By using the expressions of h µi ij and by considering the Lagrangian condition:
we find H µ2 , and finally the mean curvature vector H of Σ is:
which means that the surface Σ is area stationary iff
The above condition and the Lagrangian condition give:
Differentiate equations (3.2) and (3.6) with respect to t and s, respectively, and then subtract:
After a brief computation we get:
and then condition (3.4) becomes
Using the Lagrangian condition (3.1) in (3.5), we havē
Integration of (3.1) with respect of t gives
and then the sum (3.6)+(3.7), is
which is a contradiction, since Σ is of rank one. Therefore there are no Lagrangian maximal surfaces of rank one.
Rank two maximal surfaces
Consider a rank 2 surface Σ in L(H 3 ). That is, a surface Σ given locally by µ 1 → (µ 1 , µ 2 (µ 1 ,μ 1 )) for some smooth function µ 2 : C → C. We are interested in maximal surfaces in L(H 3 ) of rank 2 and therefore we consider variations of the area integral
For an arbitrary parameterization µ 1 → (µ 1 , µ 2 (µ 1 ,μ 1 )) the area integral is
with ∂ denotes the differentiation with respect to µ 1 .
A surface is maximal if δA(Σ) = 0. In order to compute this quantity note that
, and so
Combining these we find that
Integrating by parts we have established the following:
Proposition 6. A rank two surface is maximal iff
The following Proposition shows that all holomorphic curves on L(H 3 ) are maximal:
, where the metric G Σ induced on Σ by the neutral Kähler metric being non-degenerate, is maximal.
Proof. Consider a holomorphic curve Σ in L(H 3 ). Then by Proposition 3 the shear σ vanishes throughout the surface Σ.
By Proposition 4 we know that a holomorphic surface Σ can be either rank 0 or 2. In the case of rank 0, the surface Σ is totally null and, in particular, it is orthogonal to a horosphere, which is not our case. Then Σ must be of rank 2 and therefore Proposition 6 shows that is maximal.
Consider now a Lagrangian surface Σ in L(H 3 ). We are interested in maximal Lagrangian surfaces of rank 2. In this case, the twist λ vanishes on Σ and then Proposition 6 implies that a Lagrangian surface Σ of rank 2 will be maximal iff
(4.1)
Definition 6. The Lagrangian angle φ of the surface Σ ⊂ L(H 3 ) is defined by
where σ 0 is given by (4.1).
An equivalent condition that characterizes Lagrangian maximal surfaces in L(H 3 ) is given by the following Proposition:
be a Lagrangian surface of rank two. Then Σ is a maximal surface iff Σ is locally orthogonal to a flat surface in H 3 and the Lagrangian angle φ, satisfies the following PDE:
Proof. Assume that Σ is a Lagrangian area stationary surface of rank two. Then H µ1 = 0 which means that
and by introducing the Lagrangian angle φ, the above gives
By derivation of the above with respect of µ 1 we obtain
The Lagrangian condition ρ 0 =ρ 0 implies that ρ 0 = 0 and therefore µ 2 is antiholomorphic, which means that Σ is locally orthogonal to a flat surface in H 3 . Because of ρ 0 = 0 we obtain
The fact that µ 2 is an anti-holomorphic function of µ 1 implies that lnσ 0 is antiholomorphic too, which means that ∂ lnσ 0 = 0 and then
The expression of σ 0 in terms of φ is
Then we have
and therefore |σ 0 | = e −iφ ∂ 2 e −iφ , which implies equation (4.2).
We now prove the converse. If φ is a real solution of (4.2), it satisfies
By the assumption that Σ is locally orthogonal to a flat in H 3 , µ 2 is anti-holomorphic and therefore σ 0 is a holomorphic function. Then
and hence there is a holomorphic function β such that
Therefore, the function φ can be written as
where a is a holomorphic function. In other words, we have proved that∂∂φ = 0. On the other hand, using equations (4.7) and (4.8), µ 2 must satisfies the following equation:
but because of the fact thatμ 2 and a are holomorphic, the above equation is equivalent to an ordinary differential equation of first order. In addition, we observe thatμ
is a solution of (4.9) and because this equation is equivalent to an ODE of first order, it is unique.
Then it is easy to see that H µ1 = 0 and therefore Σ is a Lagrangian maximal surface.
In the following Proposition we give an explicit local expression of all Lagrangian maximal surfaces in L(H 3 ) in terms of the holomorphic coordinates (µ 1 , µ 2 ) on
where λ 1 , λ 2 ∈ C with λ 1 λ 2 = 1.
Proof. Let Σ be a Lagrangian maximal surface of rank two in L(H 3 ). By Proposition 8 the surface Σ is locally orthogonal to a flat surface in H 3 , which allows us to obtain the holomorphic parameterization (µ 1 ,μ 1 ) → (µ 1 , µ 2 (μ 1 )). In addition, the Lagrangian angle φ must satisfies equation (4.2).
There is a holomorphic function a such that φ = a +ā, and applying this to equation (4.2), we get:
where c 0 ∈ R is a real constant. Then the holomorphic function a satisfies 11) which is equivalent to the following ordinary differential equation of second order:
The unique solution of (4.11) is 12) and the Lagrangian angle is φ = a +ā.
The immersion of Σ is obtained by substituting (4.12) into (4.3) and then
then the maximal surface Σ is given by the immersion (4.10).
If λ 1 λ 2 = 1 we find that Σ is a totally null surface given by the immersion µ 2 = λ 1 , and so it is not of rank two.
For a given Lagrangian maximal surface Σ in L(H 3 ), there is locally a family of parallel flat surfaces in H 3 such that their oriented normals are contained in Σ. We recall the classification of complete flat surfaces in hyperbolic 3-space:
[15] Let S be a complete flat surface in hyperbolic 3-space H 3 . Then S is either a horosphere or an equidistant tube of a geodesic in H 3 .
To proof the main theorem we need to introduce a particular class of surface in hyperbolic 3-space H 3 :
Definition 7. A surface S in hyperbolic 3-space H 3 is called isoparametric if the principal curvatures of S are constant.
Note that all parallel surfaces {S t } t∈I to the isoparametric surface S are also isoparametric.
The following Proposition gives a classification of the isoparametric surfaces in hyperbolic 3-space:
[2] Let S be an isoparametric surface in H 3 . Then S is either a totally geodesic hyperbolic 2-space, or a totally umbilical surface or an equidistant tube around a geodesic.
We now prove our main result:
Let S ⊂ H 3 be a C 3 smooth immersed oriented surface and Σ ⊂ L(H 3 ) be the Lagrangian surface formed by the oriented geodesics normal to S.
The surface Σ is maximal iff S is an equidistant tube around a geodesic.
Proof. Let Σ be a Lagrangian geodesic congruence formed by the oriented geodesics normal to S. First assume that Σ is maximal. Since it cannot be of rank 0 -as that would mean that it is totally null -and by Proposition 5 it cannot be of rank 1, we conclude that Σ is of rank two. Thus it is given locally by the graph:
where λ 1 , λ 2 ∈ C.
The non-degeneracy condition of the induced metric G Σ implies that λ 1 λ 2 = 1. In this case, an orthogonal surface S ⊂ H 3 can be obtained by solving the following differential equation
and, by using the fact that µ 2 is holomorphic, we obtain, after a brief computation, that
The function ∆, given by (2.4), is:
The optical scalars ρ and σ of the Lagrangian maximal surface Σ given by the expressions (2.1) and (2.2) are:
If we denote by h the mean curvature of the surface S ⊂ H 3 , Proposition 2.6 gives:
Consider now the principal curvatures m 1 and m 2 of the surface S. The fact that S is flat means that m 1 m 2 = 1. Then the mean curvature of the surface S is
and by using the relation (4.14), we observe that m 1 must satisfies the following quadratic equation
Therefore the principal curvatures of the surface S are constant and in particular are given by:
and hence the surface S is isoparametric. Propositions 10 and 11 tell us that the surface S can be either a horosphere or an equidistant tube around a geodesic. By previous work (see the papers [5] and [6] ) we have seen that geodesic congruences orthogonal to horospheres are totally null (the induced metric is degenerate). Therefore the surface S must be an equidistant tube around a geodesic γ. In fact, every maximal surface Σ is orthogonal to the set {S r0 } ro∈R of all parallel equidistant tubes around a geodesic γ and each such a surface S r0 is of hyperbolic distance r 0 from the surface S 0 .
Conversely, assume that the surface S ⊂ H 3 is an equidistant tube around a geodesic γ ′ with holomorphic coordinates (
. Then S belongs to the set of all parallel equidistant tubes U γ ′ = {S r0 } r0∈R around the geodesic γ ′ . We first find an explicit expression of the orthogonal geodesic congruence Σ ⊂ L(H 3 ) to all surfaces in U γ ′ . Consider hyperbolic 3-space H 3 in the half space model with coordinates (x 0 , x 1 , x 2 ) and metric given by equation (1.1).
For a given point p = (p 0 , p 1 , p 2 ) in H 3 and a given vector e 0 = a 0
3 we now find the unique geodesic γ :
where I is an open interval containing 0 and the dot denotes the differentiation with respect of r.
Denote the Levi-Civita connection of (H 3 , ds 2 ) by ∇. Then ∇γγ = 0 yields
The first integrals arė
The geodesic γ is
The initial conditions x 0 (0) = p 0 andẋ 0 (0) = a 0 yield cosh
Introduce complex coordinate z = x 1 + ix 2 and set t = x 0 . We then obtain
where t 0 = t(0), z 0 = z(0), β = a 1 + ia 2 and a = a 0 . Therefore for a given point p = (z 0 , t 0 ) and a given vector e 0 = a Moving the point p along the geodesic (ξ ′ , η ′ ), it is equivalent to an affine shift of r 0 .
Therefore we obtain the surface Σ given by the immersion f : C → L(H 3 ) : (ν,ν) → (ξ(ν,ν), η(ν,ν)) where
with ν = r + iθ.
If we change the coordinates from (ξ, η) to holomorphic coordinates (µ 1 , µ 2 ) on L(H 3 ), the surface Σ is given by the following immersion µ 1 (ν,ν) = 1 − coshν − η ′ξ′ sinhν ξ ′ sinhν µ 2 (ν,ν) = ξ ′ sinh ν 1 + cosh ν +η ′ ξ ′ sinh ν .
We can easily see that sinh ν = 2(ξ ′ ) −1 µ 2 1 +μ 1 µ 2 and cosh ν = 1 −μ 1 µ 2 − 2η ′ µ 2 1 +μ 1 µ 2 , and from the identity cosh 2 ν − sinh 2 ν = 1 we find that the Lagrangian surface Σ is a maximal surface since it can be written
which completes the proof.
Note:
We have proved on the main theorem that every maximal Lagrangian surface is given by the graph (4.10) and is orthogonal to a family of parallel equidistant tubes {S t } t∈I around to the following oriented geodesics γ ′ = (µ Consider now the antipodal map τ : P 1 → P 1 : x → −x −1 and observe that µ 
